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C^ ■ We introduce a new class of graded rings extending the class of 

generalized Weyl algebras. These rings are orders in crossed products 
of the most general type, and we introduce their basic structure theory. 
We provide an extensive list of examples, some completely new but also 

^ . some considered earlier, and highlight some specific structure results. 

Many new and interesting problems about the crystalline graded rings 



Abstract 



O ' may be identified. 

o 

O ■ Introduction 

'^ \ The theory of group actions on algebras and related crossed product con- 

g ■ structions has roots in representation theory of finite groups and the struc- 

ture theory of central simple algebras or the Brauer group of a field. Inspired 
by the success of an approach via integral ring extensions in Number Theory 
rS \ and Local Field Theory a noncommutative theory of orders and maximal 

cd \ orders in central simple algebras was developed. In this theory orders in 

crossed products fit! Modular representation theory e.g. integral representa- 
tions may be seen as a succesful branch of that same idea. On the other hand 
a second important line of application is found in the theory of projective 
representations, their relation with twisted group rings, Schur multipliers and 
ray classes providing a link to crystallography explaining the terminology we 
have chosen. 

From a different point of view, dealing with generalizations of strongly graded 
rings (cfr. |Na.V()l| . |Na,V()2| ), rather unexpected gradations appeared on 
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algebras coming from other mathematical theories, e.g. Weyl algebras, cer- 
tain quantum groups. A special case of these generalized crossed products 
was extensively studied by V. Bavula (cfr. |B1| . |B2] ) who identified these 
algebras as 'generalized Weyl algebras' (GWA). Then V. Bavula and the 
second author exploited fully the graded ring structure of these GWA, in 
particular the fact that they are graded orders in a twisted Laurent series 
ring, to arrive at deeper structural results leading to, for example, a classifi- 
cation of simple modules for the second Weyl algebra. 

In this paper we introduce a general class of graded rings containing as special 
examples the Weyl algebras and quantizations thereof, the generalized Weyl 
algebras including 'quantum sl2\ generalizations of Clifford algebras as well 
as some specific new interesting new examples. We view this paper as an in- 
troduction of a subject raising a lot of new interesting questions and allowing 
several new developments in different directions e.g. depending wether the 
grading group is finite, infinite abelian, totally ordered,... In the first part we 
provide the general theory of crystalline graded rings, establishing how they 
may be viewed as orders in crossed products, the second part contains a lot 
of examples old and new. 



Both authors supported by a Research Project of the FWO (nr. G. 0622. 06); 
second author acknowledges support of the E.G. project Liegrits (RTN 505078). 

1 Definition and basic properties of crystalline 
graded rings 

Throughout A is an associative ring with unit element 1, Aq will be a sub- 
ring of A containing 1. Unless otherwise mentioned G will be a completely 
arbitrary group. Let u : G ^ A : g \^ Ug he a map of sets such that Ue = I 
where e is the neutral element of G, and % 7^ for all g E G. We make the 
following assumptions: 

• (CI) A= ® AoUg 

geG 

• (C2) For every g E G, A^Ug = UgAo and this is a free left Ao-module 
of rank one. 

• (C3) The decomposition in CI makes A into a G-graded ring with 

Ao = Ae. 



As a direct consequence of these assumptions we have the following basic 
lemma. 

Lemma 1.1 With conventions and notation as above: 

1. For every g G G, there is a set map ag : Aq ^ Aq defined by: UgttQ = 
ag{aQ)Ug for Oq G Aq. The map ag is in fact a surjective ring morphism. 
Moreover, Oe = Iaq ■ 

2. There is a set map a : G ^i G ^ Aq defined by UgU^ = a{g, h)ugh for 
g,h G G. For any triple g,h,t G G the following equalities hold: 

a{g,h)a{gh,t) = ag{a{h,t))a{g,ht) (1) 

ag{ahiao))a{g,h) = a{g,h)aghiao) (2) 

3. For all g E G we have the equalities a{g, e) = a{e,g) = 1 anda{g, g^^) = 

Proof 

1. The definition of ag as a map of sets follows from (C2) above. For 
ao, &o G Aq we obtain: 

Ms(ao&o) = (%ao)6o =^ o-g{aobo) = ag{ao)ag{bo) 
Ug{ao + bo) = UgOo + Ugbo => 0-3(00 + &o) = s('^o) + 0-9(^0) 

using that AoUg is a free left Ao-module with basis Ug. Observe also 
that (Te = Iaq because for oq E Aq : oq = UeOo = o"e(ao)we = o-(ao). 
The surjectivity of ag follows from AoUg C UgAo, i.e. for an arbitrary 
60 G Aq we have that boUg = UgOo for some oq G Aq, thus 60 = o"c,(ao). 
The surjectivity of ag implies that ag{l) = 1. 

2. The definition of a as a map of sets follows from (C3). For any triple 
g,h,t E G we find {ugUhjUt = UgiuhUt). Hence, 

a{g, h)a{gh, t)ught = (Tg{a{h, t))a{g, ht)ught 

and the claim follows from the fact that AQUght is a free left Ao-module 
with basis Ught. Secondly, for Oq we have Ug{uhao) = {ugUh)o,Q and this 
yields: 

ag{ah{ao))a{g, h)ugh = a{g, h)agh{ao)ugh 

Thus proving the second claim. 



3. First, Ug = UgUe = a{g,e)ug gives a{g,e) = 1. Similarly a{e,g) = 1. 
Furthermore, from 

a{9,9~^)aie,g) = ag{a{g~\ g))a{g,e) 

we find a{g, g-^) = ag{a{g~\ g)). D 

Corollary 1.2 Keep the above conventions and notations and let g,h G G 
then: 

tt(^, 9'^) = crg{a{g'^, 9h))a{g, h) 

Proof 

Apply the first equality in Lemma inT 2) to the triple g, g~^, gh and use that 

a{e,gh) = 1. D 

Let S{G) be the multiplicative set in Aq generated by {a{g,g^^) \ g E G} 
and let S{GxG) stand for the multiplicative set generated by {a{g, h) \ g,h E 
G}. The most interesting situation appears when Aq has no 5'(G')-torsion. 
However, for the moment we will make a much weaker assumption: ^ S{G). 
It follows directly from Corollary O that ^ S{G) implies ^ S{G x G). 

Proposition 1.3 With conventions and notations as above: 

1. For all g,h E G the a{g, h) are normalizing elements of Aq in the sense 
that A^ai^g, h) = a{g, h)Ao. 

2. Assume that ^ S{G). Then the multiplicative set S{G) is a left 
Ore set of Aq and every element of S{G x G) is invertible in the ring 
SiG)''Ao. 

Proof 

1. Let g,h E G and look at the equality [21 in Lemma inT 2). i.e. 

<yg{(rh{xo))a{g,h) = a{g,h)agh{xo) 

with xq 6 Aq and agoan as well as agh being surjective ring morphisms. 
For a given oq G ^o we may pick Oq G Aq such that CTgh^aQ) = Oq. 
Then we obtain a{g,h)aQ = ag{ah{aQ))a{g,h). Furthermore, given 
6o G Aq we pick 6q G Aq such that cr£,((T/i(6g)) = Bq. Then bQa{g,h) = 
a{g,h)ag{b'Q). Observe that for ao,&o G Aq we may select Qq^q for 
the representative of ao&o and O"gcr/i(ao6o) = <^g(^h{o,o)o'g<7h{bQ) yields 
a(g, h)aQbQ = crg(Th{aQb'Q)a{g, h) holds. 



2. Let us check the left Ore condition for S{G). First, let s G S{G) and 
ao E Aq. Since s is a product of normalizing elements of Aq, it is itself 
a normalizing element oi Aq. Therefore there exists an element Oq G Aq 
such that sao = a'^s. 

Secondly, assume that aos = for some s G S{G) and ao G Aq. We 
have to establish that s'ao = for some s' G S{G). First consider 
aoa{g,g~^) = for some g E G; iteration will lead to the case of an 
arbitrary s G S{G). Pick xq G Aq such that ao = o"g(crg-i(so)). Then 
we obtain from the second equality in Lemma inT 2): 

aoa{g,g'^) = a{g, g'^)aeixo) = a{g,g'^)xo 

Consequently a{g,g'^)xo = 0. This yields: 

= (rgOag-i{a{g,g'^)xo) =agOag-i{a{g,g'^))agOag~i{xo) 
= agOag-i{a{g,g~^))ao 

Applying Lemma fl .11^ 3) we have: 

a{9,9~^) =^g{a{g^^,g)) = CTg{ag~i{a{g,g'^))) 

So we obtain a{g,g~^)aQ = 0). 

Now we write s = a{gi, gi^) . . . a{gn, gn^), where repetition of gi is 
allowed, and we assume that aos = 0. Application of the foregoing 
leads to: 

Repetition gives a{gi, g^^) . . . a{gn, fi'^^)ao = 0, and thus sao = 0. 
Let g E G. CoroUarv 11.21 vields: if a{g,g~^) is invertible in some 
overring (of an image) of Aq, then so is a{g, h) for all h E G. Indeed, 
from a{g,g~^) = ag{a{g~^,gh))a{g,h) it follows that a{g,h) is left 
invertible in S{G)^^Aq say ta{g,h) = 1. There is an s G S{G) such 
that st E Aq and a' E Aq such that sta{g, h) = a{g, h)a' because 
a{g, h) is normalizing. So a{g, h)a' = s but then a{g, h)a's^^ = 1 with 
a's-i G S{G)-^Aq. D 

Corollary 1.4 (of the proof) For every g E G we have that kei (agag-i) = 
^a(g,3-i)(^o)j the a{g,g^^) -torsion part of Aq. 
Proof 

Since a{g,g~^) is normalizing, that set of elements of Aq left annihilated by 
a{g,g~^) is an ideal of Aq. More generally, agah{z) = for 2 G Aq is equiv- 
alent to a{g,h)agh = 0, hence ta(g,g~i){Ao) is exactly aghikeragah)- Observe 



that the latter would be zero in case a is a group morphism to End(y4o). □ 

The ring extension A of Aq is now not too bad since it is a free left 
Ao-module generated by normalizing elements (some properties of such ex- 
tensions are known from work of L. Small and C. Robson on so-called liberal 
extensions, cfr. |EH1)- 

Proposition 1.5 With notation and conventions as before: S{G) is a left 

Ore set of A. 

Proof 

For g,h E G we have established earlier from Lemma fTTlT 2) (jlj with t = h^^: 

a{g, h)a{gh, h~^) = ag{a{h, h^^)) 

We see that for all g E G, the a^-orbit of elements of S{G) stays within 
S{G X G), while moreover from Proposition II ■3r 2) elements of S{G x G) are 
invertible in S{G)~^Aq, consequently for every d G S{G x G) there exists an 
s G S{G) n Aod. This holds in particular for d that is a product of o"g-images 
of elements of S{G). Now look at a E A and s G S{G) such that as = 0. 
There is a unique homogeneous decomposition 






(XgUg 



with ttg G Aq. From as = then follows that agUgS = for all g E G. 
We have agUg = Uga'g for some a'^ E Aq and Ugtt'gS = yields ag{a'gs) = 0, 
hence a{a'g)ag{s) = 0. Now in S{G)^^Aq^ all elements <Jg{s) are invertible 
as we observed above, hence the <j{a'g) are S'(G)-torsion elements of Aq, 
say Sga{a'g) = for suitable Sg E S{G), g E G. Since only finitely many 
Qg appeared in the homogeneous decomposition of a, only finitely many Sg 
appear here and thus we may select an s" E S{G) such that s"ag{s'g) = 
for all g appearing in the decomposition of a. Hence s"ag{a'g)ug = or 
s"uga'g = s"agUg = for all g as before. Consequently s"a = with s" E S{G) 
as desired. 
For the other Ore condition, consider x E A, s E S{G), say 

geG geG 

For each g such that Xg ^ pick Sg E S{G) such that SgXg = x'gS (possible, 
since S{G) is a left Ore set in Aq) with x'g E Aq. Observe: 

^gy^g/'^g-^g ~ '^g^g-^g ~ '^g-^g^ ^ ^^ 



We have pointed out earlier that there is an element in S{G) fl AQag{sg) and 
since we are looking at only finitely many nonzero elements there also is an 
s' E S{G) in f] Ao(Tg{sg). We then calculate that s'ugXg G As, for all g 
such that Xg ^ 0, consequently s'x G As and the second left Ore condition 
follows. D 

Remark 1.6 

1. Our assumption ^ S{G) means in particular that a{g,g^^) ^ for 
all g E G. It follows directly from Corollary [Ol that a{g, h) j^ for all 

g,he G. 

2. If we generate the {ag \ g G Gj-invariant multiplicative set in Aq by the 
images of elements in S{G) then this will be contained in S{G x G) and 
therefore consists of elements invertible in S{G)^^Aq. Even if S{G) is 
not invariant under the (Jg,g G G, it behaves 'as if invariant' in view 
of the forementioned property. Observe moreover that S{G x G) need 
not be a left Ore set in A. 

Corollary 1.7 The following are equivalent 

1. Aq is G{S) -torsionfree 

2. A is S (G) -torsionfree 

3. a{g, g~^)aQ for some g E G implies oq = 
4- (y{g, h)ao for some g,h E G implies oq = 

5. AoUg = UgAo is also free as a right A^-module with basis Ug for every 
geG 

6. for every g E G, Og is bijective hence a ring automorphism of Ao 

For a ring monomorphism A •—>■ B we define a subgroup Aut^A in AutA 
consisting of the automorphisms of A that extend to an automorphism of B. 
An automorphism of A is B-inner if it is induced by an inner automorphism 
of B. The group of S-inner automorphisms of A is a normal subgroup of 
AuIbA and we put OutB{A) = AntBA/lnnBA, where Inn^A stands for the 
group of i?-inner automorphisms. 

Corollary 1.8 // Aq is S (G) -torsionfree then a : G \-^ AuIAq : g \-^ ag 

induces a group homomorphism a : Outs(G)-^Ao{^o) ■ 

Proof 
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Observe that UgUg-i = a{g,g^^) implies that each Ug represents a unit in 
S{G)~^Ao and for a^ G Aq and for a^ G Aq we have that (Jg^ao) = UgaQU~^, 
hence (Xg G Aut5(G)-iAo(^o) for every g E G. Moreover, (Xgah and agh are 
different just by the inner automorphisms of S{G)^^Ao defined by a{g,h) 
which is also a unit in that ring. D 

Corollary 1.9 If Aq is S{G)-torsionfree then the following statements are 
equivalent: 

1. For g G G, a{g-^,g) G Z{Ao), resp. a{g,h) G Z{Ao) 

2. For g eG, agCTg-i = (Tg-iag = I, resp Ogah = cfgh 

Proof 

For g G G we have the following sequence of implications: 

^9-1^^9 = / => a{g'^,g) e Z{Ao)^ ag{a{g,g'^)) e Z{Ao) 
=> a{g,g'^) G Z{Ao) => CTgag-i 

The other claims are obvious from earlier observations, e.g. ag(Th{ao)a{g, h) = 
a{g,h)agh{aQ) for all ao G Aq as in the equality El in Lemma inT 2). So 
CgCT/i = c^gh Icads to a{g, h) G Z{Aq) in view of the surjectivity of the maps, 
conversely a{g, h) G Z{Aq) leads to agah = Cgh- D 

If S'(G')-torsion exists in Aq then we aim to reduce by it so as to arrive in 
the S'(G)-torsionfree situation. Put 

J = ts{G){Ao) = {oq G Aq, sao = for some s G 5'(G)} 

Because S{G) is also a left Ore set of A it follows that 

ts(G){^) = {a E A, sa = for some s G 5'(G')} 

is a two sided ideal of A. Clearly, ts(G){^) is a graded ideal because if sx = 
with X = "^XgUg, then sXg = 0, for all Xg, follows and consequently Xg E J 
follows too. From the foregoing we obtain 

tsiG)iA)= © JUg=JA 

gee 

We claim that AJ = J A. Indeed, first check AJ C J A by looking at Ugt^ 
with to E J for some g E G; say sto = for some s G S{G) then = UgStQ = 
(7g(s)ugto and since <7g{s) is invertible in S{G)~^Aq it follows that Ugto is 
5'(G)-torsion in A and thus in JA. Secondly, looking at a homogeneous toUg 
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with to ^ J ■, then there is a cuq G Aq such that t^Ug = UgOOQ and (Jg{uJo) = tg 
since ag is surjective. Then from sto = for some s G S{G) we derive stow^ = 
= sUgUo, hence = Ug-isUgUo = ag-i{s)a{g^^,g)iJo where ag-i{s)a{g^^,g) 
is invertible in S{G)^^Ao, yielding uq E J and thus toUg G AJ, finally JA = 
AJ. 

Corollary 1.10 For ts{G){A) we have that it is generated by ts{G){A)o = J 
(on the right and on the left) i.e. we have ts(G){A) = A J = J A and J is 
globally ag-invariant for every g E G. Moreover A = A/ J A is graded by G 

A= ® (Ao/J)% 

gee 

where Ug = Ug mod J A, Aq = Aq/J amd {A)e = Aq. 

Observe that an arbitrary graded ideal of A, say /, need not be generated 

hy Iq = I n Aq either on the left or on the right but we do have that I/IqA 

is G(5')-torsion. 

Any G-graded ring A with properties CI, C2, C3, and which is G{S)- 

torsionfree is called a crystalline graded ring. In case a{g, h) G Z{Ao), or 

equivalently agh = (JgCh, for all g,h E G, then we say that A is centrally 

crystalline. 

Lemma 1.11 If A is G -graded with properties CI, C2, C3, then A = A/ J A 

is crystalline graded. 

Proof 

It is clear that A = Q) A^Ug with «„ 7^ and Ue = I. For a^ G Aq we have 

for all g E G: Ugao = ag{aQ)ug wher ag is induced by ag on the quotient Aq 
(using the crc,-invariance of J). That AoUg is free (left) with basis Ug follows 
because a^Ug G J A if and only if Oq G J . Hence A satisfies the same proper- 
ties as A and is moreover G(S')-torsionfree. D 

Often the condition ^ S(G) or even torsionfreeness with respect to 
S{G) follow from structural properties available in fairly common situations 
as in the following situation. 

Proposition 1.12 If A satisfies properties CI, C2 and C3 such that Aq is 

a prime left Goldie ring then A is crystalline graded. 

Proof 

Since each a{g, h) for g,h E G is normalizing, AQa{g, h) is an ideal of Aq and 

therefore it contains a regular element of Aq, say z = a^a^g, h) = a{g, h)bQ. 

Then a{g,h) is regular too, for every g,h E G, hence ^ S{G) and Aq is 

S'(G)-torsionfree. D 
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Proposition 1.13 If A satisfies CI, C2 and C3 such that ^ S{G) then 

S{G)~^A is a strongly graded ring. In this generality a does define a group 

morphism G -^ Pic(S'(G')~Mo) defining an action of G on Z{S{G)^^Ao). 

Proof 

Clearly A is 5(G')-torsionfree and S{ G)-^A = S{Gy^A. Note S{G)-'^A = 

© {S{G)~^AQ)ug and from UgUg-i = a{g,g~^) it follows that Ug is a unit of 

geG 

S{G)-^A contained in {S{G)-^A)g for all geG. Thus 

{S{G)-'A)g{S{G)-'A)t, = {S{G)-'A)gh 
for all g,h e G. D 

The structure of S{G)^^A in the foregoing proposition is close to a crossed 
product, but here we do not have that a defines an action of G on Aq via 
automorphisms, but it defines a 'projective action' in the sense that: 

TghO'gh = O-gah 

where Tgh is the morphism associated to a{g, h) induced by an inner of 
S{G)~^Aq. Observe also that a defines group morphisms: 

G -^ Vic{S{G)-^Aq) -^ Aut(Z(5(G)-^Ao)) 

2 Examples of Crystalline Gradations 

2.1 Generalities 

In most applications we are dealing with Aq that are fc-algebras for some 
central (in A) field k. Then 

k[S{G)] = k[a{g,g-^),geG] 

k[S{Gx G)] = k[a{g,h),g,heG] 

are subrings of Aq (noncommutative) deserving special attention. Several 
classes of crystalline graded /c-algebras may be defined in connection to fore- 
mentioned algebras: 

Class 1 For g, h,t & G, at{a{g, h)) G k[S{GxG)], observe that at{a{g^^ , g)) E 
k[S{G X G)] holds for crystalline graded rings (Lemma 11.11^ 2) (jl]) with t = 

Class 2 For g,h G G, a{g,h) G Z{Aq), i.e. A is centrally crystalline 
graded and thus a gat = CTgh and moreover we have a(g,h) G k[S{Gy] where 
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S{GY = {an{a{g-\g)),heG}. 

Class 3 For g,h e G, a{g,h) G k[S{G)], i.e. k[S{G x G)] = k[S{G)]. 

Eventually we may restrict this further to the centrally crystalline graded 

case. 

In case A is S'(G)-torsionfree then certain multiplicative conditions are 
more natural perhaps. In S{G)^^Aq we may consider the groups generated 

by S{G), say {S{G)), resp. by S{G x G), say {S{G xG)). From 

a{g, h)a{gh, h"^) = ag(a{h, h'^)) 

for h,geG it follows that {S{GY) C {S{G x G)), from 

ag{a{h, t)) = a{g, h)a{gh, t)a{g, ht)~^ 

it follows that {S{G x Gf) = {S{G x G)) or {S{G x G)) is o-^-invariant for 
a\\ g E G (where ag may be viewed as the canonical extension of ag on Aq to 
S{G)-^Ao). Put C(G) = (5(G')'^)nAo, resp. C{G xG) = {S{G x GY)nAo. 
Then both C{G) and G{G x G) are invariant (with respect to {cg.g G G}) 
multiplicative sets containing 1 but not 0. 

Remark 2.1 Let A he a crystalline graded ring such that A is S (G) -torsionfree, 

then G{G) and G{G x G) are Ore sets in Aq such that C{G)~^Ao = G{G x 

G)-^Ao = S{G)-^Ao, and both C{G) and C{G x G) are {ag,g e G}- 

invariant. 

Proof 

Note that in the S'(G)-torsionfree case now S{G x G) is an Ore set; one easily 

verifies that {S{GY) and {S{G x G)) are Ore sets in S{G)~^Aq and also that 

G{G) resp. G{G x G) are invariant Ore sets rn. Aq. D 

2.2 Examples 

2.2.1 Crossed products 

Given a group G, a ring A^ and a group morphism a : G — > AutAo. On 
A = ® AfiUg, where A^Ug is just notation for a copy of Aq. We define for 

geG 

g e G,a e Aq: 

Ugtt = ag{a)Ug 

UgUh = a{g,h)ugh 
where a : G x G ^ U{Aq) the units of Aq. It must satisfy for g,h,t E G: 
a{g, h)a{gh, t) = ag{a{h, t))a{g, ht) 
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In this way A is strongly graded hy G, A = Aq * G with the ring structure 
defined as above is called the crossed product {AQ,G,a,a). 

2.2.2 Generalized twisted group rings (see [NV03J) 

In 12.2.11 we restrict to ag, for all g & G, being the identity, but we allow 
a : G X G ^ ylo\{0} Then we proceed as in 12.2.11 and denote the obtained 
(algebra) ring A hj A = A^G. 
In classical examples of 12.2.11 and 12.2.21 there are further restrictions: Aq C 

Z{A), a:GxG^U{Z{Ao)). 

2.2.3 The Weyl algebra Ai{C) 

This well-studied algebra may be defined as the quotient of the free algebra 
C (X, Y) by the two-sided ideal generated by YX — XY — 1, it turns out to 
be isomorphic to a ring of differential operators on a polynomial ring C[x] 
generated by two operators i.e. x viewed as multiplication by x in C[x] and 

y sls -^ on C[x]. Then 



■^■(C)- (Ji^^y_,) ^cM 



■ d 

ox 



We define a Z-gradation on Ai(C) by putting degx = l,deg|/ = —1, and 
therefore: 



Ai(C)o = 


= C[xy 




Ai(C)„ = 


= CHx", 


for n > 


Ai(C)^ = 


= C[xy]y-'", 


for m < 



We set M„ = x" if n > and Um = y~"^ if m < 0. We will note o"„ as a^^^ for 
n > 0, and 0"^ as ay-m if m < 0. It is clear that a^i^xy) = xy — 1, because 
x{xy) = {xy — l)x, <7y{xy) = xy + 1, because y{xy) = (1 + xy)y. Let us put 
t = xy for convenience, then we have 

a : "Z —>■ AutcC[t] : n \-^ {t \-^ t — n) 

It is easy to calculate 

a{n, ~n) = xV = x'^-Hy''-' = {t-n + l)x"^^y"-^ = . . . 

= {t-n+ l){t-n + 2) • ... ■ (t) 

Furthermore a(n, —m) with n > m (n, ?7i G N) can be calculated from 

^Uym ^ ^n-ra^ruym ^ ^n-m^^^^ _^) _ ^^"'("(m, -m))x"-™ 
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and so 

a{n, —m) = o""~™'(a(m, — m)) 

and so on. Observe that in this example S{G x G) is the a-invariant multi- 
plicative system generated by S{G). 

2.2 A The quantum Weyl algebra Ai{q) 

Following argumentation as in 12.2.31 but now with respect to the defining 
relation YX — qXY — 1. Again Aq = C[t] with t = xy but now a^ : t \-^ 
q~^{t — 1) and so on. Similar calculations may be carried out leading to 
formulae in g-numbers. 

2.2.5 The quantum plane 

The quantum plane is given by generators and relations as 

K{X,Y) 



A 



XY - XYX 



Putting a(l, —1) = xy = t, we find that a^it) = \t and all calculations are 
done similarly as above. 

In many cases we deal with algebras over some base field k and tensor 
products then provide new examples, e.g. higher Weyl algebras or 'products' 
of quantum planes. 

2.2.6 Generalized Weyl algebras (cfr. fBT]. fB2| . |BVQ1| . |BV0 2].. . . ) 

This class contains variations on quantum groups like quantum si2 or the Wit- 
ten algebra, or more generally Rees rings of generalized gauge algebras (cfr. 
|V02| ). Even though generalized Weyl algebras are special examples of 6- 
strongly graded rings with respect to an invertible ideal 6 in degree zero, they 
were first studied in detail by V. Bavula in a series of papers starting in 1991, 
e.g. |Bl| . |B2j .. . . . Adapting terminology and notation from jBVQlj let us 
show here how the generalized Weyl algebras become crystalline graded rings. 
Consider a ring D (commutative in many examples), and a = (cxi, . . . , an) a 
set of commuting automorphisms of D. Let a = (ai, . . . , a„) be an n-tuple 
with nonzero entries in Z{D) such that cri{aj) = aj for i ^ j. We define the 
generalized Weyl algebra (GWA), A = D{a,a), as the ring generated by D 
and 2n symbols X^, . . . , X+, Xf , . . . , X~ satisfying the following rules: 

1. For ^ = 1, . . . , n : X~X:^ = ai, XfXl' = ai{ai) 



13 



2. For aWdeD and all i, Xfd = (yf{d)Xi 



3. For I ^ J, [Xr^Xj] = [X+,X+] = [X+,Xr] = 

Now write for m G N, v±{{) = (Xf )™. For k = {ki, . . . , A;„) G Z*" we set 

■^fc = "^^1(1) ■ • • • ■ Vk„{n). Putting A = Q) Ak where Ak = Dvk, we obtain 

keZ" 

a Z"-graded ring which we call a GWA of degree n. If D is a fc-algebra, k 
invariant under all automorphisms involved, then A is a fc-GWA. For GWA's 
A and A' over k, A ^^ ^ is again a GWA. 

Let us look at y4 = D{a, a) of degree 1, with a nonzero in Z{D), a G AutD 
(this will be a centrally crystalline case). We may view this special case as 
an algebra generated over D by X and Y satisfying: 

• Xd = (T{d)X, Yd = a-\d)Y for all d E D 

• YX = a and XY = a{a) 

• A = ® An, An = Dvn, fn = X" fom > and v^ = F~™ if m < 0. 
Therefore we obtain VnVm = in,m)vn+m- The following rules define 



{n,m): 



For n > and m > we have (n, m) = 1. 
Let n > m > 



a (a) ■ . . . ■ a (a) 



— Let < n < m 

{n, —m) = cr"(a) ■ . . . ■ cr(a) 
(-n, m) = cr"""*"-^(a) ■ . . . ■ a 

Let us mention some more specific cases, drawing from |BV01| . Take 
D = K[t], up to a change of variable every K-automorphism of K[t] is 
either ti— >t — lorti— >At for some nonzero A in K. Consider the GWA 
A = K[t]{a,a), a{t) = t — 1. Then A is simple if and only if chari^ = 
and there does not exist an irreducible polynomial p in K[t] such that p and 
cr*(p) are multiples of a for some nonzero i. 

Another specific case is obtained by taking B = K[t,t^^]{a,a) where a(t) = 
At and A 7^ 0, 1 is in K. Up to changing X to Xf, Y to Y, t to t, we may 
assume that a G K[t] has a nonzero constant term a(0). Then B is simple if 
and only if there does not exist an irreducible p E K[t] such that p and o"*(p) 
are multiples of a for some i and A is not a root of unity. In case a = 1 we 
have that B is localization of the quantum plane K (X, Y) /{XY — AFX) at 
the multiplicative set generated by t = XY. 

14 



2.2.7 Cyclic invariants of the first Weyl algebra 

Let uj he a primitive m-th root of unity, let G be the cyclic group of order m. 
We may let G act on the first Weyl algebra Ai{K) = K {x,y) hj y \-^ uy, 
X 1-^ uj^^x, and consider the fixed algebra Ai{K)'^ . One easily verifies that 

A,{Kf = K[t] fa, a = m'"t ft + -V . . . ■ ft + "" " ^ 



m/ \ m 

2.2.8 Associated graded algebras of some GWA 

Let A be the algebra at the end of l2.2.6| where a = at^+ (terms of lower degrees) 
Then we define a filtration FA on A, FmA = J2 Kfvj with n{i) + r(j) < m, 
where k and r are some weight applied to the indexes. Then Gf{A) = 
i^[t][Id, at'^], again a GWA. A simmilar construction, but to be modified 
carefully, works in case of an automorphism t i-^ At. 

2.2.9 Quantum si2 

Consider the enveloping algebra U = Uk{s12) and c the Casimir element of 
U. Put ior XeK 



ra^-l 



n = l,2,... . 



with cr(t) = t — 1. Then ^(A) is simple if and only if A ^ < ^ ,,. — ^,^, 

The quantized version of ?7 is a well-known quantum group Uq{sl2) where 
g G -ft' is not a root of unity. Then we get 

^'^^^^ - (^^ 
with X e K. These are GWA as follows: 

f/^(A) = K[t,t-^]((T,a = A + c) 
where cr(t) = qt and for some h E K 



e t-2 



{2h)-' 



q2_i q'2_i^ 

We know that Ug{\) is simple if and only if it has no simple finite dimensional 
module, if and only if for each root of a (take K = C here), say /i, no 
g*/i, 7^ i G Z is again a root of a. 
Further examples may be derived from tensor products 

U(5l2 X ... X SI2) " ^r,. ^ 

(Ci — Ai, . . . , C„ — An) 1=1 
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2.2.10 An example of Bavula, Bekkert as a crystalline ring 

Take Aq = K[t], a(t) = t - 1, a = a{-l, 1) = 3H{t - l/3)(t - 2/3), a{a) = 
a(l, -1) = 3^lt - l)(t - 4/3)(t - 5/3). It is then easy to calculate for r > 0: 

o-^(a) = 33(t _r)(t-r- l/3)(t-r-2/3) 
a^'-(a) = 33(t + r)(t + r-l/3)(t + r-2/3) 

Furthermore: 

a(n, —n) = a'^ia) ■ . . . ■ a(a) 



a(—n,n) = a "^^(a)-...-a 



If n > 1 then the latter have t-degree 3n, hence K[a{r, —r),r G Z] C i^[t'^], 
so a(s, t) ^ K[a{r, —r),r G Z] for all s, t with s ^ —t. 

2.2.11 An example of class 3 

Look at the algebra A given by generators X, y, Z over the field K with 
relations as follows (A 7^ in i^, c, d G -fT): 

XZ = \ZX 
YZ = X-^ZY 
y/XYX = -{c-Z){d + Z) 

^/\~^XY = -{c - XZ){d + XZ) 
Putt = Z and Aq = K[t], at = Xt and 

a = a(-l,l) = YX = -\^'\c-t){d + t) 
a(a) = a(l,-l) = -Vx'^{c- Xt){d + Xt) 

Put a' = — vA a and assume A 7^ 1, c 7^ (i. Then we calculate — A^a' + 
a(a') = (1 - A)A(c - d)t + (1 - A2)cci. Now 

K[a, a{a)] = K[a', a{a')] = K[a', -X^a' + a{a')] = K[a', t] = K[t] 

Consequently this example is of class 3. 

2.2.12 A new example of general type 

Take Aq = K[t], G = Z, a E AutfcAo, am = cr"^, m E Z. Choose a polyno- 
mial p G K[t] that is irreducible. Calculating the cocycle-like conditions on 
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a{n,m) yields: 

a(l,l)a(2,-l) = (T(a(l,-l))a(l,0) = (T(a(l,-l)) (3) 

«(-l,l)a(0,l) = CT_i(a(l,l))«(-l,2) = or(a(-l,l)) (4) 

a(l, -l)a(0,-l) = a(a(-l,-l))«(l,-2) = a(l,-l) (5) 

a(-l,-l)a(-2,l) = (T_i(a(-l,l))a(-l,0) = CT_i(a(-l,l)) (6) 

a(l, -2)a(-l,l) = a(a(-2, l))a(l,-l) (7) 

a(l,-l)a(0,l) = CT(a(-l,l))a(l,0) = or(a(-l,l)) (8) 

Assume now that we take a(— 1, 1) = p G K[t], then from (jH]) 0"(q;(1, —1)) = 

cr^{p). From © and dH) it follows then that a(l, 1) = 1. From © and © it 

follows that a(— 1,— 1) = 1. In that case we obtain again a GWA of degree 

1. 

However, if we put a{—l, 1) = pcr^^ip) and «(!, 1) = a{p) then we derive 



from Q, that 
from dH), that 
from (0), that 



a(2,-l) = a\p) 

a(-l,2) = a-i(p) 

«(l,-2) = a(p) 

a(-2,l) = a-\p) 



from P, that: a(-l,-l) = a \p) 

This leads to the definition of a crystalline graded algebra by putting 

a{n, m) = (T^{p) for n, m 7^ G Z and m 7^ —n 
a(n, — n) = p<J^{p) for n 7^ G Z 
a(0, -m) = a(m, 0) = 1 for m G Z 

Observe that a(l, 1) ^ ir[o-''(a(ra, -n)), A;,n G Z], o-"^(p) = o-"^(a(l,l)) ^ 
i^[Q;(n, m), n, m G Z]. So now we obtain a crystalline graded ring not in any 
of the classes we distinguished at the beginning of this section. 

2.2.13 Roll-up examples 

Just like the rolled-up Rees ring appears rather naturally in the theory of 
filtered rings, in particular in its application to noncommutative geometry 
(see |LVOj for variations on the Rees ring theme), one may roll-up Z or (Z"^-) 
examples to examples for finite cyclic groups. 

Take Aq = Zp[X] (other grouprings equally possible). Let G = {g) be a 
cyclic group of order n and a G AutAo, cr" = /, write (Xm = cr™. Consider an 
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irreducible p G k[X]^ A; = Zp, and define 

(^{9^1 9'') = cr*(p) if ^)J 7^ ™od n and i + j^O mod n (9) 

(^{.9\9^) = V^'ip) if ^ + j = mod n but i,j 7^ mod n (10) 

a{e,g^) = a{g\e) = 1 iov j = 0,1, ... ,n - 1 (11) 

It is clear how to define the general construction of a rolled-up Z/nZ-gradation 
from a Z-gradation; the example is just a special case of the situation where 
a crystalline graded ring of the type defined in 12.2.121 is rolled up into an 
example with respect to a cyclic group. 

Perhaps one of the most interesting generalizations allowed by the definition 
of crystalline graded rings when compared to GWA is that the automor- 
phisms of Aq do not have to commute, making the techniques available for 
actions of nonabelian groups, etc. This may be interesting in very specific 
cases generalizing the second Weyl algebra for example, e.g. take the twisted 
tensor product of two first Weyl algebras (see |.TLPV| for applications of 
twisted tensor products to noncommutative manifolds e.g. spherical vari- 
eties) and look at the examples of crystalline graded rings constructed this 
way. Classical problems, e.g. classification of all simple modules over these, 
provide interesting problems here (work in progress) where the graded meth- 
ods (see for example |BVOl] have to be modified but remain valid.) 
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